We prove the following theorem: The commutator subgroup of a solvable connected group of finite Morley rank is nilpotent. 'ic
1. INTRODUCTION Morley rank was defined by Morley [7] in 1965. Since then several logicians have studied algebraic structures which have finite Morley rank. Groups of finite Morley rank were studied by Cherlin [3] , Zil'ber [13] , and Thomas [ 111 to name just the most important contributors.
A good introduction to stability theory and to the theory of structures of finite Morley rank can be found in [lo] . Reference [8] contains a survey of results about groups of finite Morley rank. An English translation of Zil'ber's results can be found in [12, 91. Cherlin conjectured that infinite simple groups of finite Morley rank are algebraic groups over an algebraically closed field. He analyzed in [3] groups of Morley rank 1, 2, and 3. Zil'ber proved some general theorems that we cite in Section 2. Thomas proved Cherlin's conjecture for locally finite groups.
With algebraic groups in mind, we thought that we should analyze the structure of solvable groups of finite Morley rank in view of the important role that the Bore1 subgroups (see [2, p. 2611 ) play in algebraic groups. A connected solvable algebraic group over an algebraically closed field is conjugate to a subgroup of upper-triangular matrices (see [2, p. 2431). Hence its commutator subgroup is conjugate to a subgroup of strictly upper-triangular matrices and therefore is nilpotent. In this article we generalize this theorem to solvable connected groups of finite Morley rank:
In Section 2 we explain our notation and we cite some results that are used in the proof of the theorem. In the last section we prove the theorem. Our exposition is directed more toward logicians, so we have tried to be explicit in algebraic arguments. Nevertheless, a reader that wants to understand the details should be familiar with some basic group theory.
The proof of the theorem goes as follows: We take a counter-example of smallest Morley rank. Then we show that we may suppose Z(G)= Z(G') = 1 (see Sect. 2 for the notation). By using Zil'ber's method we find an algebraically closed field in G'. We try then to extend the action of G on G' by conjugation to this field. This fails in general because we are unable to show that the action is well defined. We consider two cases. In the first one we extend the action of G to a vector space defined in G' and are able to show that G acts as a group of vector space automorphisms. In this case the proof is easy because we can refer to the theory of algebraic groups. The second case is more complicated and needs more careful analysis. We manage to make G act on a product of fields as a group of ring automorphisms. The main difficulty in this case is to find such a product of fields and to show that it is interpretable in G. Once this is done the proof is easy, because G then acts on each field and such a structure cannot be w-stable unless the action is trivial.
The theorem that we wish to prove here was also stated in [14] . We learned by correspondence that the proofs are similar.
NOTATION AND FACTS
If G is a group, G' will denote the commutator subgroup of G. By definition G' is generated by all the elements of the form [g, h] , where g and h range over G and [g, h] denotes the element ghg-'h-l. In general if X, Y are subsets of G, [X, Y] denotes the subgroup generated by {[x, y]:xEx, YE Y}. For x, y E G we denote by xy the element yxy-'. It is called the conjugate of x by y. We have xC"= (x2)-". If y E G, conjugation by y gives rise to an automorphism of G.
We let G'=G"'=G'
and define G'"', G" by induction on n:
These are normal subgroups of G.
By definable we will always mean definable with parameters.
Fact 1 (Zil'ber [13] ). If G is a connected group of finite Morley rank then G", G("' are definable and connected subgroups of G.
If A is a subset of G then C,(A) denotes the centralizer of A in G; i.e., C,(A) is the set of elements of G that commute with every element of A. It is obviously a subgroup of G.
Fact 2 (Baldwin and Sax1 [4] ). If G is a stable group (so in particular if it has finite Morley rank), then C,(A) is a definable subgroup of G.
Let A be a subset of G. If H is a subgroup of G we say that A is H-normal if for all a E A, h E H, ah E A. We say normal instead of G-normal. If A is a normal subset then C,(A) is also a normal subgroup of G. Z(G) will define the center of G. We define Z,,(G) by induction on n:
is obviously a definable normal subgroup of G. We expect the reader to be familiar with nilpotent and solvable groups. Reference [S] contains more than enough for this article.
If KG H are subgroups of G and if K is normal in H then (H/K)' = H/K/K 1: H'/( H' n K). The equality is easily checked. The isomorphism follows from one of the fundamental theorems of group theory.
Let us now cite some more facts that we will use in the proof.
Fact 3 (Macintyre [6] ). If R is an infinite w-stable field (so in particular if R has finite Morley rank), then R is an algebraically closed field.
Fact 4 (Zil'ber [ 131). If G is a connected, solvable, non-nilpotent group of finite Morley rank then an algebraically closed field can be defined in G.
For a proof of this last fact see also [12, 93. We will give the construction of the field in the next section.
PROOF OF THE THEOREM
Let G be a counter-example of smallest Morley rank. In the next two steps we will show that we may assume Z(G) = Z(G') = 1. But first we need a lemma that will be used several times in the proof. A result of the same kind lirst appeared in [ 11. LEMMA 1. Let G be a connected group acting on a finite set X. Assume that {g E G 1 g . x = x for all x E X} is a definable subgroup of G. Then G acts trivially on X.
Proof: We have a homomorphism 4: G + Sym(X) where Sym(X) is the group of permutations of X. X being finite Im q5 is also finite, so ker 4 has finite index in G. But ker q5 is definable by hypothesis. Hence G = ker 4. m COROLLARY 1. Suppose G is a connected group and X is a finite normal subset of G. Then X E Z(G).
Proof. G acts definably on X by conjugation. Now use the lemma. 1 COROLLARY 2. 'Suppose G is a connected group and Z,(G) is finite. Then Z,(G) = Z(G) and G/Z(G) is a centerless connected group. Now we proceed with the proof of the theorem.
Step 1. There is a counter-example G to the theorem such that Z(G') = 1.
Proof: Let G be the original counter-example of minimal Morley rank. Let G= G/Z(G'). We claim that G is still a counter-example with Z(G') = 1. Notice that
Since G' is not nilpotent, neither is G'/Z(G'). So G is a counter-example. Since G has minimal Morley rank, G and G must have the same rank. Thus Z(G') is finite. For the same reason Z,(G') is finite. By Corollary 2, Z(G') = Z,(G'), and (G)' is centerless. 1
Step 2. There is a counter-example G to the theorem such that Z(G) = Z(G') = 1.
Proof: Let G be a counter-example to the theorem given by the first step: Z(G') = 1. Now let G = G/Z(G). We claim that G is a counterexample to the theorem with the properties Z(G) = Z(G') = 1. Notice that
where the last equality follows from the fact that G' n Z(G) G Z(G') = 1. The above isomorphism (G)' z G' shows that G is a counter-example and Z(G') = 1. Since G is a counter-example of minimal Morley rank, G and G must have the same Morley rank, i.e., Z(G) must be finite. For the same reason Z,(G) is finite, so by Corollary 2, Z(G) = Z,(G) and G and G' are centerless. 1
From now on we suppose that G is a counter-example of minimal rank and that Z(G) = Z(G') = 1.
Look at G = G/C,(G'). Arguing as in Step 2, G is a counter-example. By the minimality of G, C,(G') is finite. But it is also a normal subgroup, therefore by Corollary 1, C,(G') E Z(G) = 1.
Step 3. Construction of an algebraically closed field in G.
The following construction is essentially due to Zil'ber. Since G is solvable and connected, rkG'< rkG. Therefore G' is not a counter-example, hence Gt2' is an infinite (because connected), definable, nilpotent group. Z(Gc2)) is also infinite, because if n is such that (Gt2')" # 1 and (Gf2))'+ ' = 1 then (Gc2')" c Z(G"'). Therefore Z(G(") is an infinite abelian normal definable subgroup of G which is in Gt2', let A E Z(G")) be a definable, normal, infinite, abelian subgroup of G which is minimal with respect to these properties. A is of course connected and G"' E C,(A). Since A is normal, C,(A) is also normal. Also, G being centerless and connected G/C,(A) is an infinite group. We claim more: By the above claim BfL n . .. n BP is H-normal. Therefore, by the minimality of B,, either it is finite or all the Bf"s are equal. In the first case Bf'l n . . . n Bfk E C,(H) = 1 by Lemma 1 and Claim 3. Therefore, we can choose g,'s in such a way that (Bfl, . . . . Bfk) = Of=, BP c A. Since A has finite Morley rank, the number of direct sums is finite. Therefore, for some n and g,, . . . . g, E G, ( If i+ j then the above map is not well defined, i.e., (Y)~ might depend on the choice of the representative y E A of (Y)~, in other words, we might have (Y)~ = (P)~ without having (y), = (P)~.
We would like A = @I= 1 Bi to be a A ,-vector space. But this would fail if the equivalence class of 1 is not { 1, . . . . n}. In this case we will have elements YE A such that yi #O but yi=O for some i. This forces us to consider two cases. Let us first define a definable normal subgroup L of G. Let L=(gWCg,~l~G(4).
Let -denote "modulo C&4 ),, e.g., G = G/C,(A), R= H/C,(A ). Then L is such that
Step 5. Case L = G.
We will get a contradiction. In this case we have [G, H] E C,(A)
. This inclusion will turn A into a Al-vector space and G will act on A as a group of A ,-vector space automorphisms.
The fact that [G, H] s C,(A) implies
From this and the definition of A, it follows that
where y = If=, sihi acts on a by y(u) = nf= 1 urihi. Now let (r), = (cf=, cihi), o/ii. (*) is the definition of (y),(b) for bEB,. Define the action of (r)i on Bj via the same formula. We need to check that this action is well defined. Suppose (y), = 0 is the O-map on B,. Let b E Bj. We want to show that (y),(b)= 1, the identity element of Bj. Let CE B, be such that cg' = 6. Then where the image of ge G is the automorphism of A corresponding to the conjugation by g. The kernel of this homomorphism is C,(A). Therefore, without loss of generality cc G& (/1 ,) . G is a solvable group. However, G may not be an algebraic subgroup of GL,(/I,). Let S be the smallest algebraic subgroup of GL,(/1,) containing G. It happens that S is also solvable (see [2, p. 1101 ). S might not be a connected (in the algebraic sense) subgroup, but its algebraic connected component So is of course connected. Therefore So, being a solvable connected algebraic group, is conjugate to upper-triangular matrices. So n G is a subgroup of finite index in G, but a priori it is not necessarily definable in G. Let a,, .,., a, be elements of the vector space A that form a base with respect to which the elements of Son G are upper triangular. Consider the folowing definable subgroup of G: T= where Vect,, (a,, . . . . ai) denotes the Ai-subspace of A generated by a,, . . . . ai. T is the set of elements of G which are upper-triangular with respect to the basis a,, . . . . a,. T contains So n G and is obviously definable. Connectedness of C forces G = T. Therefore, G is conjugate to a subgroup of upper-triangular matrices. Hence (G)' is conjugate to a subgroup of strictly upper-triangular matrices. On the other hand,
So R is conjugate to a subgroup of strictly upper-triangular matrices. But R acts on A = @ ;=, Bi diagonally, so it is also conjugate to a subgroup of diagonal matrices. These two facts give R= 1, a contradiction.
Step 6. Case L # G.
Notice that R is a definable, infinite, normal subgroup of G which is minimal with respect to these properties.
We know that G acts on H by conjugation. We use this action to define a similar action of G on R. By definition L acts on R trivially (L is in fact just the kernel of this action). Thus G/L acts on R.
The set of elements of R on which G/L acts trivially is a normal definable subgroup of li. It is a matter of writing down to see that this set is C,(G) which is a normal and definable subgroup of E7. Since R is minimal, if CR(G) were infinite it would be equal to ir, but then L = G, a contradiction.
Thus CR(G) is a finite subgroup of R. Therefore G/L acts on the infinite abelian group H/CR(G).
Let us show that G/L is abelian. For this it is enough to show that G' E L. Since G', Hz G'C,(A), by Claim 2, [G', H] s C,(A). Thus G' E L.
Suppose g acts on Q/CR(G) trivially. Then [g, H] s C,(G), so [g, H] is finite, i.e., g" is finite. By Lemma 1, gR =g, i.e., [g, H] G C,(A) , i.e., ge L. We showed that no non-trivial element of G/L acts trivially on R/C,(G).
By the above, G/L can be injected in Aut(n/C,(G)). As in Step 3 we look at the ring Q generated by G/L in End(H/C,(G)). Since R/C,(G) is a minimal G/L normal subgroup, we can apply Zil'ber's method to show that 52 is in fact an algebraically closed field interpretable in G.
Remember that C,(G) is finite. To simplify our notation we will suppose that this subgroup is trivial. This assumption is harmless because in the following arguments no finite subset is crucial.
As in Step 3 we have:
GfL<Q* RzQ+.
The fact that H/C,(E,) < ,4: is a homomorphic image of R forces the characteristic of n to be zero. In particular R N Q + is torsion-free. We will use this result to prove: Claim 7. C,( Bi) = C,(A).
Since Bls are all conjugate, we may assume i = 1. Suppose C,( B, ) # C,(A). Then since R is torsion-free, C,( B,)/C,(A) is an infinite group. Consider the set Q, = {y E 52 1 y(C,(B,)/C,(A)) E C,(B,)/C,(A)}. Since G is w-stable, it has DCC on definable subsets. Thus if y EQ,, then either y =0 or y(CH(BI)/CH(A))= C,(B,)/C,(A), This implies that if y E 52, and y # 0 then y-l E 0,. Now it is easy to see that Q, is a field. Since Char Q = 0, Q,, is infinite. Therefore by Fact 3, Sz, is an algebraically closed subfield of Q. But then, Q having finite Morley rank, we must have B=L?,. In particular G/L E a,, . This shows that C,(B,)/C,(A) is G/L-normal, i.e., C,(B,) is normal in G. By the minimality of H, C,(B,) = H, so B, E C,(H) = 1 by Claim 3. This is a contradiction and proves Claim 7.
Let us now go back to the considerations made at the end of Step 4. Let I i, . . . . I, be the equivalence classes of { 1, . . . . n> under N. Without loss of generality, je Zj. Let M,, . . . . M, be the maximal ideals of A corresponding to te Iis, i.e., Mj = ker dj. We have A/M, 2: Aj and dj( M;) = Aj for i # j. We want to show that the ring is interpretable in G. After having shown this we will make G act on this diagonal set by conjugation. We will show that this action is trivial, and that this contradicts the fact that G # L. The fact that 5S is interpretable will be shown in Claim 10. The calculations are messy and the reader may skip this part momentarily and just assume that 24 is definable.
Let us call an element of ~2 a diagonal element. Even though for each i, each element of ni can be expressed as a sum of <k elements of H it is not immediate that 52? is interpretable in G. If d and B are two diagonal elements, when we express h + p as a sum of <k elements of H we might lose the diagonality, i.e., 6 + fl might be equal to ((y,)i, . . . . (y,),) where yi E n are sums of <k elements of H but yi # yj. We will use Claim 8 to show that we can define 9. , "-, a, E A. We need to show that there is a /? E A for which (aj)$=(fi),, for all j= 1, . . . . 1. In view of the proof of Claim 9 it is enough to show that there is a /I E A for which ( We need to check that this action is well defined. Suppose y=O. We have to show that G = 0, i.e., for any a E A, (z)(a) = 1. By linearity it is enough to show (g * y)(b) = 1 for all b E B,. It is easily checked that Claim 11 asserts that G acts on 9 as a group of ring automorphisms. Let ei denote the obvious idempotent in the ring ~2 = 9, x . .. x 9,. Then Qi= ge,, and the set {e,, . . . . e,} consists of all atomic idempotents of 9,. Since the elements of G are ring automorphisms they act on {e,, . . . . e,}. By Lemma 1, G acts trivially on them. Therefore G acts on each 9,. Let x be an algebraic element of gi. Since G acts on 9; by field automorphisms, G acts on the (finite) set of conjugates of x. Again by Lemma 1, G fixes x. Hence G fixes all the algebraic elements of 9Ji. So the fixed subfield of Qi is infinite and hence algebraically closed. But 2& is also an algebraically closed field, thus the finiteness of the rank forces $3; to be this lixed subfield. This shows that G acts trivially on 22; and hence on 9%.
Consider the group homomorphism rr: H+ 9* given by h H h: By Claim 7, Ker rc = C,(A). Also be above Thus [g, h] E C,(A) for all h E H. But this means that G = L, giving the final contradiction.
